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SOLUTION OF ONE PROBLEM OF HEAT CONDUCTION IN A REGION
WITH A MOVING BOUNDARY BY THE METHOD OF EXPANSION IN
ORTHOGONAL WATSON OPERATORS

N. N. Kuznetsova UDC 536.24

The problem of heat conduction with branching of the heat flux at moving
boundaries is solved by the method of expansion in orthogonal Watson op-
erators.

The problem of the temperature distribution along two linear heat conductors with
thermally insulated lateral surfaces is considered. We assume that a linear combination
of the unknown functions and their derivatives is assigned at the moving ends of these
heat conductors, and the ends of a heat conductor move by a linear law. This problem
comes down to the solution of the system [1]
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where p, q, %, ajk (i, k =1, 2, 3, 4) are assigned positive constants; a?;, + a, = 0;
a3, + a2, # 0; a2y + a3; # 0; a2,, + a2, # 0; h(t) (k =1, 2, 3, 4) are assigned functions
of time satisfying the condition

hha)exp(——;—)exz(-—oo, ) (k=1,2, 3, 4). 1)

As is well known [1, 2], the solution can be represented in the form of sums of the thermal
potentials of a single and a double layer:
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where pi(t) (i =1, 2, 3, 4) are unknown functions determined from the boundary conditions
(3)-(6); the initial conditions (2) are satisfied automatically. To determine the functions

p;(t) (i =1, 2, 3, 4) from the boundary conditions (3)-(6), we obtain the system of inte-
gral equations
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We convert this system of integral equations (10)-(13) into a system whose kernels
depend on the product of the arguments. For this we introduce new variables through the
formulas t = In T and s = —1In ¢ and the new unknown functions @y(t) = pp(~1n t)/1 (k =
1, 2, 3, 4). We designate

gr(m=2n(nv) (k=1 2, 3, 4),

Ky =Ky(lnx) (i, j=1,2 3, 4)

The functions K :(x) are the kernels of the transformed system of integral equations.

Let us examine tge mean values of the functions Klj(x) (i, 1 =1, 2, 3, 4) in the segment
[1, x]:

I 7 .o
Rl-,-(x):T fK“-(x)dx (G, j=1,2 3, 4).
i
The functions Rij(x) (i =1, 2, 3, 4) belong to £,{1, «) under the conditions
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We shall assume that these conditions are met, and hence we apply the method of solving

systems of integral equations based on the expansion of integral operators with respect

to orthogonal Watson operators [3-5]. We expand R1 (x) (i, 3 =1, 2, 3, 4) in the inter-

val 1 < x < = with respect to the functions x *Ln(lnx) (n=20, 1, 2,...), forming a com-

plete orthonormal system in %, (1, =):

Rij (%) = D\ (1 "aijnx*Ly (In x),
n=0
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where aqjn = (=1)m | Rij(x)x"an(in x)dx. Here L,{In x) are Laguerre polynomials, defined

1
through the equation
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We note that in the general case the functions Rj;(x) cannot be expressed through elemen-
tary functions, and the coefficients aijn (i, § = l 2, 3, 4), n=0, 1, 2, ... can be
found by one of the numerical methods. After determining these coefficients, with allowance
for the fact that
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Taking into account the fact that the functions x™ 'L, 1ln(x) are kernels of the Watson oper-
ators (—1)BS(TS)", n =90, 1, 2, ..., from (14) we obtain
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Now we can represent the system of 1ntegral equations (10)-{13) in the fecllowing operator
form

g (r) = —0115P; (T) — %1559, (T 2§1th ;_oams (TS)" } e (T (15)
£0(0) = —0S9: (1) + @S (1) + 2 zc [ ; S (TSF| 00 () (16)
85 (1) = 043289, (7) — 13555 (1) + 2 :‘ o | ; g3 (TS)"] @ (1), (17)

g (1) = 04594 (1) + S () + 2 2 Gun [§ @S (TS)' | @4 (%) (18)

Applying the operator S to both sides of Egs. (15) (18), we obtain

4 (19)
Sg1 (1) = —anEe; (1) — ay 3B, (7) + 22 C1r [2 &pn (TS) } 9 (7),
k=1 n=0
: 4 o«
53 (1) = — 0y (7) — 0xsEpy (1) + 2 3 Can | X tonn (TS)"] 04 (%), (20)
k=1 n=0
4 o0 -
585 (1) = @gp £y (T) — Qa0 (3) + 2 ;103}2 [ﬂ);; akn (TS)HJ P (%), (21)
4 L
Sgu (%) = ks (1) + auEpy (1) + 2 5’ cun | 3 @ (TS)"] @1 (%),
n=0
(22)

where E is the identity operator.

Designating the operator determinant of this system (19)-(22) by the symbol A and the
operators, which formally are algebraic augmented matrices of the coefficients to the un-
knowns, by the symbols AlJ (i, 3 =1, 2, 3, 4), we find the solution of the system in the
form
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The unknown functions p3(t) (i = 1, 2, 3, 4) can now be expressed by the equations
on(t) = exp () gplexp (—0)] (k=1, 2, 3, 4).

Substituting these intensities into Egs. (8)-(9) for the thermal potentials of a single
and a double layer, we obtain the solution of the original problem in the form
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NOTATION

u, v, temperatures of the first and second linear heat conductors; X, v, coordinates;
t, time; a®, b?, coefficients of thermal diffusivity of the first and second heat conductors;
Qik (i, k =1, 2, 3, 4), constant coefficients in the boundary conditions of the system;
h(t) (k =1, 2, 3, 4), assigned functions in the boundary conditions of the system; p, q, 2
(k =1, 2, 3, 4), constants in the law of motion of the boundary.
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